This paper presents a novel multi-axial, cyclic viscoplasticity material model for high temperature low cycle fatigue of P91 power plant steel. The model incorporates mechanisms-based variable strain-rate sensitivity and the key high temperature cyclic deformation phenomena of cyclic softening and non-linear kinematic hardening. The model has been calibrated to accurately represent the cyclic high temperature constitutive behaviour of 'as received' P91 steel. Details on the material Jacobian, with the consistent tangent stiffness for finite element implementation, are presented. The multi-axial implementation is applied to (i) a notched specimen under strain-controlled loading at 600 °C and (ii) a thin-walled pipe under representative pressurised thermomechanical fatigue loading conditions. It is shown that the model for variable strain-rate sensitivity of the present paper predicts significantly different Coffin-Manson notch fatigue life compared to the Chaboche power-law model. Ratchetting is shown to be a key candidate failure mechanism for next generation thermo-mechanical power plant loading conditions, for thin-walled pressurised pipes.
Introduction
The changing landscape of power generation is such that plants operate with increased flexibility resulting in increased thermo-mechanical fatigue (TMF) of plant components. As modern plant are designed for high creep loading, there is a requirement to characterise the current generation of plant materials under flexible loading. In addition, a move to an ultrasupercritical (USC) cycle results in improved plant efficiency and reduced CO 2 emissions, although there is a rise in steam pressure and temperature. Thus, modern plant are required to deal with harsher loading conditions, leading to a reduction in component life.
A newly developed material model [1, 2] for cyclic viscoplasticity and variable strain-rate sensitivity is applied to P91 steel, under multi-axial loading conditions. P91 steel is a 9Cr martensitic steel typically used for plant header and piping systems due to its high creep strength [3] . A number of material models capable of simulating the constitutive behaviour of candidate materials already exist, including the unified Chaboche model [4] [5] [6] [7] and the twolayer viscoplasticity model [8, 9] . However, a hyperbolic sine material model has been chosen as it is more representative of the key mechanisms of deformation [10] , enabling strain-rate independence of the material parameters and offers greater accuracy through the full stress regime [1, 2, 11] . Initial validation of the performance of the material model is conducted in Barrett et al. [1, 2] and the current application concerns the assessment of the multi-axial performance of the model. To this effect, a notched specimen model has been designed to cover a specific stress regime and the multi-axial capability of the hyperbolic sine material model is assessed by means of analysis of the trends observed in finite element (FE) simulations and comparison with similar work conducted in this field [12] [13] [14] . The Coffin-Manson (C-M) [15] relationship is used to predict failure of the notched specimen and to 2 compare the life of a notched specimen with that of a smooth test specimen. A comparison with the life predicted by a power law model, for both the smooth and notched specimens, is also presented.
The more realistic application of TMF loading of an axisymmetric pipe is also investigated within the present study. The thin-walled pipe is subjected to pressurised TMF cycles at a temperature rate representative of realistic plant [8, 9] and a temperature regime within the range of 400 °C to 600 °C, for which the material model has been calibrated. The importance of ratchetting as a failure mechanism is illustrated vis-a-vis increase in operating pressure, representative of future USC conditions.
Material Model
The material model, described briefly here, is based on a hyperbolic sine constitutive equation for the effective accumulated plastic strain-rate [1] :
where α and β are temperature dependent cyclic viscoplasticity material parameters and the function f defines the elastic domain if f ≤ 0 and the viscous stress if f > 0. The increment in stress, Δσ, is evaluated using Hooke's law:
where Λ is the elasticity tensor, Δε el is the increment in elastic strain tensor, Δε is the increment in strain tensor, Δε pl is the increment in plastic strain tensor and Δε th is the thermal strain tensor increment. The plastic strain tensor increment, Δε pl , is obtained using a flow rule defined from a thermodynamic framework [1, 16] and described as:
In equation (3), Ω(f) is the dissipation potential and n is the tensor normal. For the hyperbolic sine material model presented in this study, the dissipation potential is:
and the function f is defined as:
where J(σ-χ) is the equivalent stress, σ is the stress tensor, χ is the back stress tensor which corresponds to the centre of the elastic domain in 3D stress space, R is the isotropic hardening variable which accounts for expansion/contraction of the elastic domain in 3D stress space and k is the temperature dependent initial yield stress. The following equations define the evolutions of isotropic and kinematic hardening respectively [17, 18] :
where b, Q, C i and γ i are temperature dependent material parameters and i=1, 2. The material parameters for the temperatures modelled are calibrated in [1, 7] and presented in Table 1 . Fig. 1 illustrates a typical uniaxial validation result produced by the material model outside the strain-rate, strain-range and temperature of calibration, with a more extensive validation of the material model conducted in [1, 2, 19] and Fig. 2 highlights the considerable cyclic softening observed during high temperature low cycle fatigue (HTLCF) testing at 600 °C.
The material model is implemented in multi-axial form in a UMAT user material subroutine. Viscoplastic behaviour occurs if ( ) and ( ( ) ⁄ ) ̇ and the increment in plastic strain is obtained using an implicit integration scheme [1] . To ensure efficient simulations, the material Jacobian is provided in the form of the consistent tangent stiffness. The derivation of the consistent tangent stiffness (CTS) can be found elsewhere [19] and is defined as: 
where Z i are material parameters (see Table A1 in Appendix) related to the parameters in equations (6) to (8) , I is the identity matrix, n tr is n:I, s tr is the deviatoric trial stress tensor and x t is the deviatoric back stress tensor from the previous increment. The UMAT implementation and the terms of the CTS are described in more detail in the Appendix.
Results and Discussion

Notched Specimen
The notched specimen (NS) model within the current study is based on a fatigue test specimen with a notch of radius 0.5 mm at the midpoint of the gauge length (see Fig. 3 ). The notched specimen has an elastic stress concentration factor of 2.9, defined in terms of the axial stress, where the nominal stress is based on the stress remote from the notch root. Fig. 4 depicts the stress ranges covered by the uniaxial test data [20, 21] and the local notch stress regime at 600 °C along with the correlation achieved by the model to the experimental data of [20, 21] . The comparison of the material model presented in equation (1) with minimum creep-rate data of [20, 21] , which have been obtained via constant load tests and presented in Fig. 4 , illustrates the ability of the model to operate across a broad range of strain-rates. This result enables reliable extrapolation from accelerated laboratory test conditions to the strainrates typically observed in modern plant [8, 9, 22] . Fig. 5 depicts a comparison of the constitutive behaviour of P91 steel for the initial and 50 th cycles for the smooth specimen (SS) and the stress-strain response of the notched specimen at the central axis and notch root, at a temperature of 600 °C with a nominal strain-rate of 0.1 %/s and nominal strain-range of ±0.5 % (see Fig. 6 ), illustrating the effect of the notch on the stress-strain ranges produced.
The nominal strain here is the average strain applied to the gauge length of the specimen of In multi-axial creep and plastic failure, triaxiality, and hence the hydrostatic stress, represent key parameters for failure [23] . Fig. 7 illustrates the predicted distributions of hydrostatic stress and axial plastic strain range with radial position from the central axis to the notch root. The hydrostatic stress is dominated by the axial stress and in the initial elastic regime (σ < σ y ), the highest stress is observed at the notch root. With viscoplastic behaviour, yielding and the maximum plastic strain occur at the notch root. As the loading increases, the maximum hydrostatic stress redistributes away from the notch root. The hydrostatic stress reduces to an almost constant value towards the centre of the specimen. This result is consistent with the work of [12, 14] . As the cycles increase, the stress from an initial peak distribution (N=1), reduces due to the cyclic softening behaviour of P91 steel [7, 24] , as illustrated in Figs. 5 and 7. The high localisation of the stress relatively close to the notch root (see Fig. 7a ) is concomitant with a high localisation of plastic strain in the zone surrounding the notch root as highlighted in Fig. 7b . However, away from the notch root, a significant portion of the specimen has a strain value slightly lower than the nominal applied strain of ±0.5 %. Initially the maximum von Mises stress is predicted at the notch root, but with increased time is predicted to redistribute circumferentially around the notch to a region labelled 'A' in Fig. 8 . Fig. 8 also illustrates the predicted redistribution of von Mises stress in terms of the contour plots produced by the FE model at times of 2 s and 505 s respectively.
As the FE predictions illustrate, the inclusion of a stress concentration in the form of a notch has a considerable effect on the performance of P91 steel. This is predicted to cause a significant reduction in life based on a C-M prediction, with the C-M relationship given as [15] :
where N f is the number of cycles to failure, ε f ' is the fatigue ductility coefficient and c is the fatigue ductility exponent. From the HTLCF experiments conducted by [7, 25, 26] and subsequent identification of the Coffin-Manson constants in [26] , ε f ' has a value of 0.4896 and c is -0.5927 at 600 °C. Table 2 contains the C-M predictions for the SS and NS cases, illustrating the influence of a stress concentration on the predicted life in both cases, with excellent agreement achieved for the SS case via comparison with the experimental fatigue life of [26] . The result of the C-M prediction is based on the value of highest axial plastic strain range and future work concerns the execution of a critical plane approach to identify the plane of maximum plastic strain range and account for the multi-axial effects of the inclusion of a notch. The current study also presents a comparison between the hyperbolic sine model [1] and the more widely used power law model [4, 5] . The constitutive equation in the power law model is defined as:
where Z and n are the power law cyclic viscoplastic material parameters, obtained from the literature [7] and f is defined by equation (5) . In Fig. 9a , the stress-strain response produced by both models for the initial loop at the position labelled 'axis' in Fig. 3 are presented, where almost identical results are obtained. At this position, the material response is close to the nominal loading conditions and thus, as this is close to the regime of calibration in both cases, the excellent comparison in Fig. 9a is expected. However, Fig. 9b presents the response at the notch root, where the effects of a stress concentration are observed and a considerable difference between both models is predicted. The power law model predicts a significantly lower plastic strain-range, leading to a 28 % higher predicted life, as shown in Table 2 .
Referring to Fig. 4 , the hyperbolic sine model is correlated with experimental data across the full range of test data, giving confidence for extrapolation. The power law model is a linear approximation to a relatively small range of test data and should only be used within that calibrated range of strain and strain-rate. Hence, for this application to the notch root or similar stress (and hence strain-rate) concentrations in realistic applications, it is argued that the hyperbolic sine model is more suitable. A closely related issue is that of extrapolation from common laboratory test conditions (typically comparatively high strain-rate) to realistic (much slower strain-rate) conditions. It is likewise argued here, based on Fig. 4 and the results presented, that the present (hyperbolic sine) model is more suitable and reliable for this purpose.
Thin-Walled Pipe
The material model is applied to the case of a thin-walled pipe with uniform temperature across the pipe wall, with geometry as in Fig. 10 and pressurised TMF loading conditions as per Fig. 11 . Two different cyclic (R=0) operating pressures are considered, a low pressure (LP) case of 17 MPa and a high pressure (HP) case of 25 MPa. The former is representative of current (subcritical) plant operating conditions and the latter of future USC conditions. The calculated hoop stress-strain relationships for the two maximum cycling pressures are illustrated in Fig. 12 . In both cases, ratchetting is predicted initially, with significantly more severe values of ratchet strain predicted for the HP case. For the LP case, it is predicted that the effect of ratchetting effectively reduces to plastic shakedown as the cycles increase. However, as depicted in Fig. 13 , the effect of ratchetting increases with the number of cycles for the HP case and this illustrates the need to account for the potential of ratchetting as a failure mechanism in thin-walled tubes as plant operating pressures increase. The number of cycles to ratchetting failure, N r , may be estimated by the following equation [27, 28] : 
where ε c is a critical strain, typically taken to be the material ductility, Δε r is an equivalent ratchet strain and Δε ij r are the increments in ratchet strain components. Assuming a material ductility of 4 % [29] , application of equation (12) predicts 240 cycles (~4 yrs) to failure by ratchetting for the HP case. These results highlight possible issues in moving to higher pressures, e.g. USC loading conditions, and the need to conduct life analysis of plant components under increased pressure loading and realistic temperature-pressure histories [8, 9] . It is also noted that future work should assess the ability of alternative non-linear kinematic hardening (NLKH) models to predict the effects of ratchetting accurately, as it is widely accepted that the Armstrong-Frederick NLKH model tends to over-predict ratchet strain [30] .
Conclusions
A recently developed unified cyclic viscoplasticity material model for variable strain-rate sensitivity is presented for high temperature fatigue of P91 steel and applied to the multi-axial modelling of (i) a notched tension specimen and (ii) a thermo-mechanically pressurised thinwalled pipe. The study concludes that:  The new material model presented here has the ability to operate across a large stress and strain-rate regime, as typically observed under realistic loading and geometry conditions, and with the ability to allow reliable extrapolation from high-rate laboratory test conditions to low-rate plant conditions.  When applying material models to conditions outside the regime of calibration, care must be exercised to ensure reliable results. The present novel constitutive model predicted a notch (Coffin-Manson) fatigue life of 28 % less than the power-law model, for equal smooth specimen lives, thus demonstrating the need for a reliable extrapolation capability in constitutive modelling.  Experimental testing of the present material under a multi-axial stress state, e.g. using a notch geometry similar to [13] or tension-torsion tests as presented in [31] , to further validate the present material model under multi-axial loading conditions is the subject of ongoing work.  For pressurised TMF loading of thin-walled pipes, ratchetting is predicted to be a candidate mode of failure, with increased pressure predicted to significantly increase the ratchet rate and strain, and hence reduce component life.
Appendix: UMAT implementation
The hyperbolic sine unified cyclic viscoplastic material model described above is implemented in a UMAT user subroutine for use with Abaqus. The increment in effective plastic strain is determined using an implicit integration scheme:
and the iterative increment in effective plastic strain, dΔp, is defined as [1] : The material Jacobian, D = ∂δσ/∂δε, must be provided for each increment that the UMAT is called. To ensure more efficient simulations, the material Jacobian is provided in the form of CTS matrix. The CTS is derived from the definition of the tensor normal [32] :
   σσ tr t tr ee 33 22 sx sx n (A5)
Rearranging and applying the differential operator produces: The differential kinematic hardening term, δx, is defined in a similar manner to equation (8) and requires the differential increment in effective plastic strain, δΔp: where the Z i terms are defined in Table A1 . [1] 184 180 142 α COE (/°C) [33] 12.9510 -6 13.3110 -6 13.5910 -6 ν 0.3 0.3 0.3 Q (MPa) [7] -55.0 -60.0 -75.4 b [7] 0.45 0.60 1.00 C 1 (MPa) [7] 352500 215873 106860 γ 1 [7] 2350 2192 2055 C 2 (MPa) [7] 48600 48235 31160 γ 2 [7] 405 461 463 k (MPa) [7] 96 90 43 α (/s) [1] 1.410 -6 8.010 -7 1.010 -7 β (/MPa) [1] 0.07 0.064 0.055 [20, 21] , illustrating the uniaxial test range and the simulated NS range.
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